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We study the quantum transport through two specific atomtronic circuits: a Y-junction and a ring-shaped
condensate pierced by an effective magnetic flux. We demonstrate that for bosons, the two circuits display
Andreev-like reflections. For the Y-junction, the transport depends on the coupling strength of the Y-junction.
For the ring-shaped configuration, the transport crucially depends on the particle statistics. For interacting
bosons, in particular, we find that the Aharonov-Bohm interference effect of the flux are absent. By breaking the
translational invariance of the ring, the flux dependence is restored. A complementary view of the problem is
obtained through a specific non-equilibrium quench protocol. We find that the steady-state is independent of the
flux, however the actual time-dynamics depends on the flux. We compare the dynamics of the full closed system
with an approximated open system approach. For all the protocols we studied, we find striking differences in
the dynamics of the Bose-Hubbard model and the Gross-Pitaevskii equation.
I. INTRODUCTION
Atomtronics seeks to realize circuits of cold-atoms guided
with laser light beams or magnetic means[1–3]. Key aspects
of this emerging field in quantum technology are the charge-
neutrality and the coherence properties of the fluid flowing
in the circuits, the bosonic/fermionic statistics that carriers
may have, the tunable particle-particle interaction, the ver-
satility of the operating conditions of the circuit elements
both in shape and time. In this way, atomtronic circuits
import the reduced decoherence, flexibility and controllabil-
ity of cold atoms quantum technology to define new quan-
tum devices and simulators exploiting the properties of coher-
ent atomic matter waves[4]. A clearly interesting domain in
which atomtronics can play an important role is provided by
mesoscopic physics[5–7]. Important chapters of the field like
persistent currents in mesoscopic normal or superconducting
rings, transport through quantum dots and more complex het-
erostructures could be taken as inspiration and explored with
a new twist. With this logic, ring-shaped condensates inter-
rupted by one or several weak links and pierced by an effective
magnetic flux[8], have been studied: the Atomtronic Quantum
Interference Device (AQUID) in analogy with the SQUIDs of
mesoscopic superconductivity [9–20]. In this context, the sin-
gle impurity problem for mesoscopic ring condensates was
demonstrated to be characterized by an unexpected and non
trivial behaviour[21, 22]. Persistent currents have been also
studied to address the vortex configuration in a mesoscopic
circuit made of two two coupled ring condensates[23].
In this paper we study Andreev scattering and the
Aharonov-Bohm effect in specific atomtronic circuits. These
effects have been of defining importance for the understand-
ing of quantum transport in mesoscopic structures. Andreev
scattering is inherent in the transport in heterostructures of
quantum electronics: Because of the pairing interaction, when
one electron propagates from a normal to a superconducting
material, one hole, instead of an electron, is reflected back
to the normal lead. Aharonov-Bohm oscillations were ex-
tensively studied both in normal and superconducting meso-
scopic circuits: An electronic fluid confined to a ring-shaped
wire pierced by a magnetic flux is the typical configuration
employed to study the Aharonov-Bohm effect. In this way, a
matter-wave interferometer is realized: The current through
the ring-shaped quantum system displays characteristic os-
cillations depending on the imparted magnetic flux[24–27].
Neutral particles with magnetic moments display similar in-
terference effects[28].
In the last few years cold atoms technologies allowed to
explore quantum transport with enhanced flexibility and con-
trol of the system. The source to drain dynamics through cold
atom systems was pioneered by the Esslinger group[29–32].
Andreev-like reflections can manifest themselves at the in-
terface of two bosonic condensates: If the density wave exci-
tation in a one-dimensional condensate is transmitted from the
first to second condensate, a hole (an excitation with negative
amplitude) is reflected back into the first condensate[33–36].
The Aharonov-Bohm effect in bosonic condensates has been
studied very recently: A Bose-Einstein condensate propagat-
ing out of equilibrium from source to drain along a meso-
scopic ring-shaped laser light potential, pierced by an ef-
fective magnetic flux. It was found that the system experi-
ences a subtle crossover between physical regimes dominated
by pronounced interference patterns and others in which the
Aharonov-Bohm effect is effectively washed out[37].
Here, we study the Andreev-like scattering and the
Aharonov-Bohm effect in Bose condensates in two specific
atomtronic circuit elements: a Y-junction and a ring conden-
sate attached to leads. In this paper, the leads are modelled
through finite length bosonic lattice chains. We study the dy-
namics of the propagation of an incoming ’bump’ in the den-
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2sity created in the source lead through both Y-junction and
ring-shaped lattices. We analize how the device properties,
atom-atom interaction and initial conditions affect the time
evolution, the transmission and reflection coefficients of the
atomtronic networks. For the same setups, we study the trans-
port dynamics induced by a suitable quench protocol.
The paper is outlined as follows. In Sect.II, we detail on the
configuration and protocol we employ to study the atomtronic
circuits we deal with. In Sect. III and Sect. IV, both the prop-
agation of density and quench dynamics are reported for the
Y-junction and Aharonov-Bohm matter-wave interferometer
respectively. Sect.V is devoted to the discussion of the results.
For the analysis, we employ the Density Matrix Renormal-
ization Group (DMRG) and the Lindblad master equation (as
detailed in the Appendix). For comparison with the bosonic
case, the transport dynamics of fermions is discussed in Ap-
pendix.
II. MODELS AND PROTOCOLS
We consider two setups: A Y-junction, and a lead-ring sys-
tem. A sketch of both systems is presented in Fig.1. We model
atomtronic circuits with the Bose-Hubbard model.
J U K
In OutReflect
J U K
In OutReflect
K
Φ
J
J
a) Y-junction
b) Ring-lead
source drain
source drainring
FIG. 1. Sketch of the two configurations a) Y-junction and b) ring-
lead. The red dots denote sites, the black links tunneling between
sites. J is the tunneling strength inside leads and ring. K is the
coupling between different leads and ring. U denotes the on-site in-
teraction and Φ the flux of the ring. We study excitations on top of a
atom condensate. An excitation incoming through the source lead is
transmitted and reflected by the Y-junction and the ring.
Y-junction– The Y-junction is a system consisting of three
one-dimensional chains, which are coupled together at a sin-
gle point. Such systems have been proposed and realized
experimentally[38–40]. The Hamiltonian for the Y-junction
isHS +HD +HI, with the source lead Hamiltonian (analogue
for the two drain leads)
HS = −
LS−1∑
j=1
(
J sˆ†j sˆ j+1 + H.C.
)
+
LS∑
j=1
U
2
nˆsj(nˆ
s
j − 1) , (1)
where sˆ j and sˆ
†
j are the annihilation and creation operator at
site j in the source (drain) leads, nˆsj = sˆ
†
j sˆ j is the particle num-
ber operator, J is the intra-lead hopping, LS the number of
source lead sites and U is the on-site interaction between par-
ticles. The two drain leads have similar Hamiltonians, with
length LD and respective operators dˆ j and fˆ j . For bosons, the
annihilation and creation operators commute:
[
sˆi , sˆ
†
j
]
= δi, j.
The coupling Hamiltonian between the source lead and the
two drain leads is
HI = −Ksˆ†1
(
dˆ1 + fˆ1
)
+ H.C. , (2)
where K is the coupling strength between source and drain
leads.
Leads-ring– To study the Aharonov-Bohm effect, we in-
troduce a ring system. It is coupled to two leads (source and
drain) symmetrically at two opposite sites of the ring. The
ring-lead Hamiltonian isHR +HS +HD +HI. The ring Hamil-
tonian is
HR = −
LR∑
j=1
(
Jei2piΦ/Laˆ†j aˆ j+1 + H.C.
)
+
U
2
LR∑
j=1
nˆaj (nˆ
a
j − 1) , (3)
where aˆ j and aˆ
†
j are the annihilation and creation operator at
site j in the ring, LR the number of ring sites, nˆaj = aˆ
†
j aˆ j is the
particle number operator of the ring, J is the intra-ring hop-
ping and Φ is the total flux through the ring. Periodic bound-
ary conditions are applied: for the ring with aˆ†L = aˆ
†
0. In the
following, we set J = 1, and all values of U, K are given in
units of J. The source and drain Hamiltonian are analogue to
the Y-junction as defined in Eq.1. The coupling Hamiltonian
between leads and ring is
HI = −K
(
aˆ†0 sˆ0 + aˆ
†
LR/2
dˆ0 + H.C.
)
, (4)
where K is the coupling strength.
The current through the Y-junction is defined as
jY = −iK sˆ†0dˆ0 + H.C. , (5)
and for the current into the ring (source current) and from the
ring into the drain (drain current)
jsource = − iKaˆ†0 sˆ0 + H.C.
jdrain = − iKaˆ†LR/2dˆ0 + H.C. . (6)
We also consider the addition of impurities into the ring.
We define this as a potential offset in Hamiltonian at two sym-
metric sites in the middle of the ring
HR,impurity = ∆(nˆaLR/4 + nˆa3LR/4) , (7)
3where ∆ is the strength of the impurity.
In the limit of very strong interaction U → ∞, only zero or
one boson is allowed per site. This is the so called Hard-core
boson limit. In a strictly one-dimensional system, it can be
mapped to non-interacting fermions with the Jordan-Wigner
transformation. In our quasi one-dimensional system as a
ring-lead system or Y-junction, this mapping is not possible
since it is not one-dimensional and the Jordan-Wigner trans-
formation introduces non-local terms.
We also consider the Gross-Pitaevskii equation. It is a valid
description of atoms In the limit of many particles and small
interaction. There, we can replace the operators with com-
plex numbers aˆ j → ψa( j), aˆ†j → ψ∗a( j) and nˆaj → |ψa( j)|2. The
result is a lattice version of the non-linear Gross-Pitaevskii
equation (GPE). For example, the equation of motions for the
source lead in the Y-junction are
−i∂tψs( j) = − J (ψs( j − 1) + ψs( j + 1)) + Ps( j)ψa( j)
− K(ψd(1) + ψ f (1))δ j,1 + g|ψs( j)|2 , (8)
with the non-linear interaction term g = UNp. The other equa-
tion of motions for ring or drains follow in a similar way. The
sum of the absolute square of the wavefunctions is normalized
to one.
The Gross-Pitaevskii equation (GPE) describes the flow of
a Bose-Einstein condensate in the limit of many particles and
low interaction. In the limit of many lattice sites, the dis-
cretized GPE yields the same result as the continous version.
In a continuous 1D system, the GPE is given by
i∂tΨ(x, t) =
[
1
2
(−i∂x − A(x, t))2 + V(x) + g |Ψ(x, t)|2
]
Ψ(x, t) ,
(9)
where Ψ(x, t) is the condensate wavefunction, V(x) the po-
tential, g the coefficient for the atom-atom interaction and
A(x, t) the effective magnetic field. For a ring, we can relate
it to the flux through a ring as introduced in the BHM model
A = 2piΦL , where L is the length of the ring. In the following,
we assume that there is potential V(x) = 0 and the effective
magnetic field is constant A(x) = const. For a wavefunction
ansatz Ψ(x, t) =
√
n(x, t)eiφ(x,t), the GPE can be rewritten in
terms of the density n(x, t) and the velocity of the condensate
v(x, t) = −∂xφ(x, t)
∂tn + ∂x(n(v − A)) = 0 (10)
∂tv + ∂x
(
gn +
1
2
(v − A)2 − 1
2
√
n
∂2x
√
n
)
= 0 . (11)
The first equation is the conservation of mass, while the sec-
ond is a hydrodynamic equation with an additional term,
which represents the “quantum pressure” (second equation,
third term). For usual condensate, we can neglect the quan-
tum pressure. Now, we expand the equation in terms of small
excitations on top of the static condensate with n = n0 + δn
and v = v0 + δv. We assume n0 and v0 is constant in space and
and the density and phase variation δn, δv is very small. For
the linearized equation of motion, we find that both δn and δv
are decoupled dispersion-less wave equations
∂2t δn =
[
gn0 − (A − v0)2
]
∂2xδn + 2(A − v0)∂t∂xδn
∂2t δv =
[
gn0 − (A − v0)2
]
∂2xδv + 2(A − v0)∂t∂xδv , (12)
Excitation propagation– To study the propagation of a
density excitation through our setups, we prepare the system
in the ground state of the full Hamiltonian with initially a
small local potential offset in the lead Hamiltonian. This will
create a localized density bump in the source lead. We add the
following Hamiltonian for the offset potential to the source
Hamiltonian
HP = −D
LS∑
j=1
exp
(
− ( j − j0)
2
2σ2
)
nˆsj , (13)
where j0 is the initial position of the excitation and σ is the
width of the potential offset, which we set to σ = 2 unless
specified otherwise. At the start of the time evolution the
offset potential is instantaneously switched off. The density
bump will propagate as an excitation in both positive and neg-
ative direction. In this paper, we are only interested in the
forward direction, and disregard the excitation in backward
direction.
Reservoir quench– In this configuration, all particles are
loaded initially into the ground state of the uncoupled source
lead without any potential offset. The ground state is obtained
through DMRG (see below). The rest of the system is initially
empty. Then, at the start of the time-evolution, the coupling
terms with the rest of the circuits are suddenly switched on,
and atoms start propagating into them. This is a highly non-
equilibrium dynamic.
Transmission and reflection coefficients– We calculate
the total density of the incoming wave by taking the first a
sites of the source lead at a specific time tin when the den-
sity waves has entered this region, and subtracting from it the
density at time t = 0 before the wave has entered the region
Ninc =
∑
i∈a sites of source
[ni(tin) − ni(0)] . (14)
Here, ni(t) is the expectation value of the density at the i-th
site of the system at time t. We find transmission coefficient
by dividing the change in the drain density by the total density
of the incoming wave
T =
∑
i∈drain [ni(t) − ni(0)]
Ninc
(15)
and the reflection coefficient as
R = 1 − T . (16)
In the following, all variables for coupling K or interaction
U are given in units of the hopping strength J = 1.
III. PROPAGATION OF EXCITATIONS IN Y-JUNCTIONS
Linearized equations– First, we study the linearized equa-
tions of motion of the GPE in Eq.12. For a small excita-
tion, they yield dispersion-less waves traveling with velocity
4c =
√
gn0 (without magnetic field). In general, the solution of
the equations can be written as a non-dispersive wave, with
δn = f (t − xc ), where f (y) is any function, x the position and t
time. From the continuity equation, we can then derive the ve-
locity of the condensate δv = c δn
δn+n0
. Next, we want to derive
the transmission and reflection at the Y-junction (here A = 0,
v0 = 0). At the junction, we have the following components:
incoming wave δnin, reflected wave δnr and the transmitted
waves δnt in the two drain leads. Due to symmetry, the trans-
mission into each drain wire is the same. We demand that at
the junction of source and drain the density and velocity are
the same
δnin + δnr = δnt . (17)
Also, the continuity equation has to be fulfilled at the junction
of source and the two drains:
nsourcevsource = 2ndrainvdrain . (18)
The factor two arises as we have two drain leads. Inserting the
equations for density and velocity, we get
(n0 + δnin + δnr)(δvin − δvr) = 2(n0 + δnt)δvt . (19)
For small velocities and density excitations, we can approxi-
mate δv ≈ c δnn0 . Then, by inserting the conditions, we find for
the transmitted and reflected density (same for velocity δv)
δnt =
2
3
δnin
δnr = − 13δnin . (20)
The total transmission into the two arms of the Y-junction is
then 2δnt = 43δnin.
The transmission and reflection can easily be generalized to
a junction with N drains
δnt =
2
N + 1
δnin
δnr = − N − 1N + 1δnin . (21)
Non-linear dynamics– Here we present our numerical re-
sults for the Y-junction. First, we concentrate of the limit-
ing cases of infinitely strong on-site interaction with hard-core
bosons in Fig.2. (Spinless fermions in Fig.24 as a reference in
the supplemental material).
The initial excitation in the source lead splits into two parts
at t = 0. We ignore the backward propagating part of the
wave. The forward moving part of the wave propagates from
the source through the junction to the two drain leads. We
find that the wave at the junction is both transmitted and re-
flected. For the reflection amplitude, we find three character-
istic reflection regimes, which are controlled by the junction
coupling K. First, we look at the reflection peak as seen in
Fig.2e) at time tJ = 27. In the strong coupling regime K = 1,
we see a negative (Andreev-like) reflection amplitude peak.
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FIG. 2. Propagation of small excitation in a Y-junction for the hard-
core boson model. The source lead has length LS = 160, the drain
lead each LD = 50, the particle number N = 130 and D = 0.3. The
source lead is from site 1 to 160, the first drain lead from 160 to 210,
and and the second one from site 210 to 260. The coupling at the
junction (site 160) is a) K = 1, b) K = 0.5, c) K = 0.2. d) Current
through the junction in time. e) The propagation of the density exci-
tation in time. The upper curves show the transmitted density wave
into the drain lead (integrated between site 170 and 175), and the
lower curves the incoming and reflected wave in the source lead (145
and 150). The background density is subtracted. For K = 1 (solid)
we observe a negative reflection (Andreev-like), K = 0.5 (dashed)
nearly no reflection, K = 0.2 (dots) a large positive reflection ampli-
tude. The table below shows the transmission and reflection coeffi-
cients, calculated at t = 40/J with Eq.14-16 (tin = 15, a = 30).
K = 1 K = 0.5 K = 0.2
transmission 1.333 0.818 0.13
reflection −0.333 0.182 0.87
For the intermediate coupling regime K ≈ 0.5 the back re-
flection amplitude is very small, and the reflected wave con-
sists of a small, first positive and then negative part, of nearly
equal weight.
Finally, for the weak coupling regime with K small, we find
a large positive back-reflection and small transmission.
In the table below Fig.24, we plot the total transmitted and
reflected density at time t = 40/J (calculated using Eq.14-16).
However, we find that the transmission and reflection coef-
5ficient can be different when calculated at longer times, at
which the initial wave has already passed the junction. For ex-
ample, at K = 0.5, we find that the reflected wave has nearly
zero amplitude, and a very small reflection coefficient when
it is calculate at t = 40/J. This is the contribution from the
density wave. However, if the coefficient is calculated at later
times, the reflection increases. This is caused by a small, long-
lived current from drain into source even after the wave has
passed. This current contributes to the reflection coefficient
when it is calculated for later times. However, this small cur-
rent is related to an atom imbalance of source and drain due
to our quenched potential offset, and could be eliminated by
a static potential offset in the source. We avoid this compli-
cation by calculating the reflection coefficient at early times
t = 40/J.
Next, we compare the behavior of hard-core bosons with
spinless fermions. In Fig.3, we plot the propagating density
wave for transmission and reflection. For strong-coupling,
hard-core bosons show a clear Andreev-reflection, while spin-
less fermions do not. We find that for weak coupling, hard-
core bosons and spinless fermions produce nearly the same re-
sult. For Y-junction, the Jordan-Wigner transformation cannot
map spinless fermions and hard-core bosons since there is no
notion of ordering. For weak coupling, the one-dimensional
source and drain chains become disconnected, effectively
restoring the mapping.
Next, we relax the hard-core condition, and go to the Bose-
Hubbard model with finite U. In Fig.4, we plot the current
and density excitation in time for different junction couplings
K. We see that the transition from strong to weak coupling is
different compared to the hard-core model. While strong and
weak coupling limit behave similar, in the intermediate regime
we find that the reflection amplitude in time has first a positive
and then a negative part. Note that for finite U, the coupling
K is renormalized[21] and transmission and reflection ampli-
tude changes (e.g. for half-filling, for finite U, we find that
K = 0.5 is the strong-coupling regime, while for U = ∞, it is
the intermediate coupling regime).
Next, we investigate the effect of sign and amplitude height
of the density excitation using the finite U Bose-Hubbard
model. In Fig.5, we plot both the density and the current
for small and large initial potential offsets D with different
signs. For small amplitudes, there is no significant differ-
ence in the propagation between positive and negative exci-
tation amplitudes. The Andreev-like reflection has always op-
posite sign to the incoming wave (for an incoming negative
wave, the Andreev reflection is positive). For larger ampli-
tudes, we find that the speed of the wave depends on the am-
plitude. The speed increases from negative to positive am-
plitude. We can explain this with the relation between speed
of sound c and density n0 in a superfluid condensate ∝ √n0,
that the speed of sound increases with density. There are also
small differences in the temporal shape of the transmitted and
reflected waves. However, the overall dynamics and trans-
mission/reflection properties remain unchanged independent
of sign and amplitude.
Now, we turn our attention towards the weakly-interacting
regime with many atoms. This limit is described the GPE. The
results are plotted in Fig.6. For the GPE and strong coupling,
we find similar dynamics with Andreev-reflection as in the
Bose-Hubbard model. For small K we find similar oscillating
behavior as seen in the intermediate regime: The reflection is a
density wave with initial positive and then negative amplitude
density. For smaller couplings K, the initial positive reflecting
part of the wave gets larger and the negative part gets a smaller
amplitude, however it becomes very broad in time. Even for
very small K, the reflection wave shows this oscillating be-
havior of the intermediate regime. We do not find a purely
positive reflection of a weak-coupling regime except for ex-
actly K = 0. Thus, we conclude there is no weakly coupled
regime in the GPE limit.
We find for the GPE that the transmission and reflection
coefficient is independent of the coupling K as shown in the
table below Fig.6. We find that the values for any K corre-
sponds to the ones we observed for strong coupling in the
Bose-Hubbard model. Our numerical values match the ana-
lytic result of Eq.20 (-1/3 reflection, 4/3 transmission). This
is in stark contrast to the Bose-Hubbard model, where total
transmitted and reflected density depends on the junction cou-
pling K.
Next, we study excitations with large amplitudes using the
GPE. In Fig.7, we plot a large positive excitation for differ-
ent coupling strengths. We find that there are two reflections,
one positive and one negative. The negative reflection moves
slower than the positive one. The ratio between positive and
negative reflection changes with coupling strength. For strong
coupling, the negative dominates, while for weak coupling the
positive reflection is larger. The positive reflection is reflected
when the incoming wave arrives. However, the negative re-
flection has a delay, before it is reflected back. For small K,
the negative reflection becomes broader, and also the reflec-
tion is delayed more.
In Fig.8, we study large negative excitations with the GPE.
We use an additional step to generate this excitation. We apply
a phase shift of Π across the excitation. This will generate a
gray soliton. The soliton is not completely stable, we observe
that its speed increases over time as its density depression de-
creases. The transmission and reflection depends on coupling
K. We find a critical K, below which the gray soliton is totally
reflected. Above, the soliton is transmitted. For the transmit-
ting case, we also observe a (positive) Andreev-like reflection.
The behavior changes abruptly. Close to the critical coupling
strength, the soliton has a residing time in the junction, before
being either transmitted or reflected.
Quench of Y-junction In this subsection, we study a non-
equilibrium quench where the atoms are initially loaded into
the source, and then are released into the ring. We calculate
the ground state of atoms in the source, without coupling to
the rest of the system. Then, we suddenly switch on the cou-
pling K at t = 0. We use two different approaches: First, we
simulate the full Y-junction including leads through DMRG.
In the second approach, we trace out the leads, and simulate
the junction itself as open system coupled to a atom reservoir,
driving the junction. The open system equations are presented
in the supplemental material. We investigate the expectation
value of the current through the junction (Eq.5) for different
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FIG. 3. Comparison between hard-core bosons and spinless fermions for the propagation of a small excitation. The source lead has length
LS = 160, the drain lead each LD = 50, the particle number N = 130 and D = 0.3. a-c) The propagation of the density excitation in time. The
upper curves show the transmitted density wave into the drain lead (integrated between site 170 and 175), and the lower curves the incoming
and reflected wave in the source lead (145 and 150). The background density is subtracted.. The coupling at the junction is a) K = 1, b)
K = 0.5, c) K = 0.2.
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FIG. 4. Propagation of small excitation in a Y-junction for the Bose-
Hubbard model for U = 5. The source lead has length LS = 80, the
drain lead each LD = 40, the particle number N = 80. The source
lead is from site 1 to 80, the first drain lead from 80 to 120, and
and the second one from site 120 to 160. a) Current at the junc-
tion in time. b) The propagation of the density excitation in time.
The upper curves show the transmitted density wave into the drain
lead (integrated between site 80 and 85), and the lower curves the
incoming and reflected wave in the source lead (65 and 70). The
background density is subtracted. For K = 0.4 we observe a nega-
tive reflection (Andreev-like), K = 0.1 (dots) a mostly positive reflec-
tion amplitude. In between for K = 0.3 and K = 0.2, the reflection
changes in time from positive to negative. The maximum number of
atoms per site is restricted to 4.
junction couplings K for the hard-core Bose-Hubbard model.
The current for both numerical methods is plotted in Fig.9.
Both methods produce similar dynamics and steady-states.
We find that the steady-state current does not change signifi-
cantly by changing the junction coupling for K ≥ 0.5. How-
ever, we find that the oscillations in the dynamics are much
smaller for K = 0.5 compared to K = 1. We think that such
difference arises because of the probability that atoms, once
injected from the source to the drain, have a probability to
tunnel back that of course increase with the tunneling rate K.
In other words, for weaker junction couplings the dynamics in
the drain dominates, and the atoms reaching the drain imme-
diately propagate further into the drain because its dynamics
is fast compared with the coupling. For smaller K = 0.2, both
current and oscillations diminish greatly.
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FIG. 5. Propagation of excitations with different amplitude height
and sign in a Y-junction for the Bose-Hubbard model for U = 5 and
K = 1. The source lead has length LS = 80, the drain lead each
LD = 30, the particle number N = 70. The source lead is from site
1 to 80, the first drain lead from 80 to 110, and and the second one
from site 110 to 140. a,c) current at the junction b,d) The propa-
gation of the density excitation in time. The upper curves show the
transmitted density wave into the drain lead (integrated between site
80 and 85), and the lower curves the incoming and reflected wave in
the source lead (65 and 70). The background density is subtracted.
In a,b) we choose a small density excitation amplitude by choosing
a small initial potential offset D = ±0.1. We see that the Andreev-
like reflection has opposite sign to the initial density excitation. Both
positive and negative waves have symmetric profile. In c,d) we plot
a larger D = ±0.5. We see that profiles become asymmetric, and the
negative density wave is slower compared to the positive one.
IV. PROPAGATION OF EXCITATIONS THROUGH A
RING
Now, we investigate the second configuration, the dynamics
of a ring.
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FIG. 6. Propagation of small excitation in a Y-junction for the Gross-
Pitaevskii model. The source lead has length LS = 160, the drain lead
each LD = 50, the interaction strength g = 360, initial potential off-
set D = ±0.1. The coupling at the junction (site 160) a) K = 1, b)
K = 0.2, c) K = 0.05. d) the current through the junction in time e)
The propagation of the density excitation in time. The upper curves
show the transmitted density wave into the drain lead (integrated be-
tween site 170 and 175), and the lower curves the incoming and re-
flected wave in the source lead (145 and 150). The background den-
sity is subtracted. For K = 1 (solid) we observe a negative reflection
(Andreev), K = 0.2 (dashed) reflection with both positive and nega-
tive contribution, K = 0.1 (dots) a large positive reflection amplitude.
Note that the interaction g renormalizes the coupling K between the
chains, and the type of reflection changes depending on g. The ve-
locity of the excitation also depends on g. The table below shows the
transmission and reflection coefficients, calculated at t = 60/J with
Eq.14-16 (tin = 15, a = 30).
K = 1 K = 0.5 K = 0.2
transmission 1.331 1.33 1.317
reflection −0.331 −0.33 −0.317
Linearized equations– First, we study the linearized equa-
tion Eq.12 of the GPE again, this time for a ring with mag-
netic field. When the magnetic field A and the phase off-
set v0 coincide A = v0, this is the wave equation, describ-
ing the dispersion-less propagation with the speed of sound
c =
√
gn0. With A , v0, the propagation of an excitation in
forward and backward direction becomes asymmetric. For a
generic wave δn = f (t ± xc ), we find that for |A − v0| 
√
gn0,
the propagation velocity
c± =
√
gn0 ± (A − v0) . (22)
For larger (A − v0), an initial excitation will move in forward
and backward direction with asymmetric amplitude as well
as different velocity. The quantity (A − v0) ∝ j is propor-
tional to the persistent current j of the condensate. Thus, the
difference in excitation velocity of forward and backward di-
rection can be used to measure the persistent current of the
condensate[41]. When two wavefunctions are added, we take
the absolute square to get the density. The complex phase of
the added wavefunctions can give to constructive or destruc-
tive interference. The flux in a closed loop influences the com-
plex phase, giving rise to the Aharonov-Bohm effect. The lin-
earized equation for the density does not have this property.
Two real-valued density and velocity excitations are simply
added up. There is no complex phase that is influenced by flux
and therefore no Aharonov-Bohm effect. The effective mag-
netic field only influences the propagation velocity, however
it does not cause any interference pattern. The full GPE equa-
tion shows indeed the Aharonov-Bohm effect for waves prop-
agating in free space. However, for small excitations traveling
on top of a condensate there is no Aharonov-Bohm effect.
Bose Hubbard dynamics in isolated ring circuit– First,
we study the propagation of an excitation in a single ring with-
out leads. The small excitation is created locally by a local-
ized Gaussian potential in the ring, which is switched off at
t = 0. The density excitation splits into two, and propagates in
left and right winding direction around the ring. When these
two waves meet at the opposite side of the ring, they inter-
fere constructively, We find for hard-core bosons and spin-
less fermions in a ring without leads (they can be mapped ex-
actly onto each other for odd number of particles, and for even
number of particles the flux is transformed by Φ→ Φ + 1/2)
that the propagation of a small excitation is independent of
flux, and they always interfere constructively and there is no
Aharonov-Bohm effect (see Fig.10).
Next, we plot the propagation of an excitation in a ring
for the Bose-Hubbard model with finite interaction. Here, we
find a slight flux dependence. Close to half-flux, we find an
increased dispersion of the propagating excitation. The flux
dependence increases with smaller ring-size. The flux depen-
dence is a finite-size effect of the ring, and vanishes in the
limit of many ring sites.
However, it is known from past results that a ring attached
to leads yields an Aharonov-Bohm effect. When the excita-
tion is injected via leads for spinless fermions (as calculated
by Bu¨ttiker et al.[25]), there is destructive interference for at
half-flux and the Aharonov-Bohm effect appears. However,
in a plain ring without leads, we always find constructive in-
terference. This shows that the interaction with the leads is
critical to observe the Aharonov-Bohm effect.
Nonlinear source-to drain dynamics through Aharonov-
Bohm interferometer. Now, we attach two leads to the ring,
symmetrically at opposite ends of the ring. We now study the
propagation of a small excitation in this ring-lead system. To
proof the difference of spinless fermion and hard-core bosons,
we plot the reflected and transmitted density wave for zero and
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FIG. 7. Propagation of large positive excitation in a Y-junction for the Gross-Pitaevskii model. The source lead has length LS = 80, the drain
lead each LD = 40, the interaction strength g = 220. The coupling at the junction (site 80) a) K = 0.3, b) K = 0.2, c) K = 0.1. The initial
potential offset is D = 5, the width σ = 0.01.
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FIG. 8. Propagation of large negative excitation in a Y-junction for
the Gross-Pitaevskii model. The source lead has length LS = 80,
the drain lead each LD = 40, the interaction strength g = 220. The
coupling at the junction (site 80) a) K = 0.47 b) K = 0.46055, c)
K = 0.46054, d) K = 0.45. The initial potential offset is D = −0.01,
the width σ = 0.01. Initial condition with a phase shift of pi across
the excitation to generate a gray soliton.
half-flux in Fig.12. For zero flux, we find that the reflected
density wave is different for fermions and bosons. For bosons,
we find again the characteristic Andreev-like negative reflec-
tion peak as seen in the strongly coupled Y-junction. How-
ever, we do not observe them for fermions. The transmission
and reflection for hard-core bosons are flux independent. For
spinless fermions, there is a transmission for zero flux, while
at half-flux we observe zero transmission due to Aharonov-
Bohm interference.
Next, we study the system with interacting bosons in more
detail. We show the propagation of a small excitation in the
ring-lead system with hard-core bosons in Fig.13, for finite U
Bose-Hubbard model in Fig.14 and for the GPE in Fig.15.
(Spinless fermions in Fig.26 as a reference in the supple-
mental materials). For interacting bosons in both weak and
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FIG. 9. Quench dynamics in the Y-junction. Time evolution of atoms
initially loaded into the leads of a Y-junction for hard-core bosons
and different coupling strengths K. Comparison of the expectation
value of the current through the junction with two different meth-
ods: Closed system with full modeling of junction and lead (solid)
and open system with leads modeled with Markovian bath (dashed).
For DMRG, the source (drain) lead has length LS = 31 (LD = 30),
the particle number N = 15. The atoms are prepared in the ground
state of the uncoupled source (the first 30 sites), then the coupling is
switched on instantaneously at t = 0. For the open system approach,
the source and drain leads consist of 2 site each. The Lindblad op-
erator couple to the first source site. The Lindblad parameters are
Γ = 1.5 and r = 0.65. The graph shows different values of coupling
K.
strongly interacting regime, we find no flux dependence. Both
transmission and reflection is independent of flux.
However, the speed of excitation in the ring for hard-core
and finite U Bose-Hubbard depends slightly on flux. For zero
Φ = 0 and half flux Φ = 1/2, we find that the excitation ve-
locity for left- and right winding excitation is the same, with
a group velocity of c = 2J. However, for Φ = 0.25, the speed
depends on the direction of the excitation. We estimate that
at this value of flux the speed of the excitation is in for-
ward and backward direction c± ≈ 2J(1 ± 1/LR). This effect
is only observed when the excitation is initially prepared in
the leads, and then propagates into the ring. The accrued tem-
poral delay between left- and right winding excitation is inde-
pendent of the length of the ring. However, it is very small
and barely visible. We also find that the ground state density
in the ring is slightly reduced compared to the leads for flux
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FIG. 10. Propagation of a small excitation in a ring without leads
with hard-core boson ring or spinless fermions. In this simple con-
figuration, hard-core bosons and spinless fermions can be mapped
onto each other. The dynamics are independent of flux and yield the
same graph. a) density in ring for any flux over time. In particular,
there is always constructive interference when left and right-moving
excitations meet at around site 75. b) density of the excitation rela-
tive to the background density averaged between sites 73 and 77 and
plotted against time t. The ring has length LR = 100 with Np = 50
atoms. The initial potential offset is D = 0.1 at site 25, with width
σ = 2.
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FIG. 11. Propagation of a small excitation in a ring without leads
for Bose-Hubbard model with U = 5. a-c) density in ring against
time for a) Φ = 0, b) Φ = 0.25 and c) Φ = 0.5. d) density averaged
between sites 42 and 47 plotted against time t. The ring has length
LR = 60 with Np = 30 atoms. The initial potential offset is D = 0.5
at site 15, with width σ = 2. The local Hilbertspace is restricted to
maximally 4 particles.
Φ = 0.5. For the GPE, we find that the velocity of left- and
right winding excitations is different for any non-zero Φ, with
c± =
√
gn0 ± 2piΦL (as shown in Eq.22 with A = 2piΦL ). Even for
Φ = 1/2 the velocity is different in left- and right winding,
which is in contrast to what we find for the Bose-Hubbard
model. The BHM shows macroscopic phase coherence at
half-flux, while the GPE as mean-field theory does not. We
suspect that this causes the difference in velocity. Also, it is
known that the GPE is not sufficient to describe interference
scenarios for strongly interacting bosons[42, 43], which may
0 20 40 60
t J
0
1
0
1
d
e
n
s
it
y
Boson    Ф=0
Boson    Ф=1/2
Fermion Ф=0
Fermion Ф=1/2
incoming
reflection
transmission
FIG. 12. Propagation of small excitation in a ring-lead system
for hard-core bosons and spinless fermions for zero and half-flux.
The source and drain lead has length LS = LD = 80 and the ring
LR = 40, the particle number N = 100, strong coupling with K = 1
and D = 0.3. The propagation of the density excitation in time. The
upper curves show the transmitted density wave into the drain lead
(integrated between site 130 and 135), and the lower curves the in-
coming and reflected wave in the source lead (65 and 70). The back-
ground density is subtracted.
explain the difference between the models.
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FIG. 13. Propagation of small excitation in a ring-lead sys-
tem for hard-core bosons. The source and drain lead has length
LS = LD = 60 and the ring LR = 40, the particle number N = 80 and
D = 0.3. a-c) shows density against site number and time. Ring is
between site 60 and 100, the coupling site to the source is at site 60,
the coupling to the drain at site 80. Density is averaged over two
neighboring sites to remove small density oscillation of the ground
state. The flux in the ring is a) Φ = 0, b) Φ = 0.25, c) Φ = 0.5. d)
The propagation of the density excitation in time. The upper curves
show the transmitted density wave into the drain lead (integrated be-
tween site 110 and 115), and the lower curves the incoming and re-
flected wave in the source lead (45 and 50). The background density
is subtracted. The last peak of the lower curve corresponds to a back-
reflection from the backward propagating part of the excitation.
Now, we look at large excitations in the GPE. It supports
solutions which are non-changing in shape, the solitons. For
repulsive interaction, we find gray solitons as a moving den-
sity depression in Fig.16. The flux changes the velocity and
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FIG. 14. Propagation of small excitation in a ring-lead system for
Bose-Hubbard model for finite U and half-filling. The source and
drain lead has length LS = LD = 60 and the ring LR = 40, the particle
number N = 80, U = 5 and D = 0.5. a-c) shows density against site
number and time. Ring is between site 60 and 100, the coupling site
to the source is at site 60, the coupling to the drain at site 80. Den-
sity is averaged over two neighboring sites to remove small density
oscillation of the ground state. The flux in the ring is a) Φ = 0, b)
Φ = 0.25, c) Φ = 0.5. d) The propagation of the density excitation
in time. The upper curves show the transmitted density wave into
the drain lead (integrated between site 110 and 115), and the lower
curves the incoming and reflected wave in the source lead (45 and
50). The background density is subtracted.
amplitude of left- and right winding solitons in the ring. For
zero flux, one final gray soliton is transmitted into the drain,
while for non-zero flux, two separate gray solitons are trans-
mitted. The grey solitons circulating inside the ring in left-
and right winding direction have different amplitude and ve-
locity for non-zero flux. As they reach the drain coupling at
different times, the resulting transmission consists of two sep-
arate solitons. This is a strongly amplified effect compared to
the direction dependency we observed earlier for small exci-
tations in the ring.
In the case of attractive interactions, we find non-dispersing
wave packets for the GPE. These bright solitons are plotted in
Fig.17. We observe the typical Aharonov-Bohm effect in a
ring for bright solitons, with characteristic interference pat-
terns and no transmission at half-flux.
Dynamics through ring condensates interrupted by
weak-links. In this subsection, we add two impurities sym-
metrically in the center upper and lower part of the ring. We
define the additional part in the ring as an impurity Hamilto-
nian HR,impurity = ∆(nˆaLR/4 + nˆa3LR/4). The result for the hard-
core Bose-Hubbard model is plotted in Fig.18. For Φ = 0,
the impurities have only a negligible effect on the propagation
of the excitation. However, we find that the two impurities
restore the flux dependence of the system. For ∆ ≈ 1, the
transmission into the drain is suppressed at Φ = 0.5. Here, the
density wave that is transmitted into the ring has both positive
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FIG. 15. Propagation of small excitation in a ring-lead system
for Gross-Pitaevskii model. The source and drain lead has length
LS = LD = 60 and the ring LR = 40, the interaction g = 290. The
flux in the ring is a) Φ = 0, b) Φ = 0.25, c) Φ = 0.5. d) The density
summed over the sites 10 to 15 away from the junction (relative to
the initial density) in source and drain leads . Φ = 0 (solid) Φ = 0.25
(dashed), Φ = 0.5 (dots). d) The propagation of the density excita-
tion in time. The upper curves show the transmitted density wave
into the drain lead (integrated between site 110 and 115), and the
lower curves the incoming and reflected wave in the source lead (45
and 50). The background density is subtracted.
and negative contribution, which nearly have the same ampli-
tude. We find similar effects for both positive and negative ∆.
In Fig.19, we increase the amplitude of the excited density
wave by increasing the initial potential offset D, and we ob-
serve different flux behavior. We observe that for density ex-
citations with large amplitude, the transmission becomes in-
dependent of of flux. We find that even with a higher potential
barrier in the ring the behavior does not change.
In Fig.20, we investigate the effect of potential barriers for
the finite U Bose-Hubbard model and small density excita-
tions. We find that the transmitted wave is dependent on flux
for high enough barrier ∆. Due to the renormalization of po-
tential barriers with on-site interaction U, higher values of
∆ = 3 are required compared to the hard-core model to ob-
serve the effect.
Quench dynamics through Ahranov-Bohm interferom-
eter. In this subsection, we study the non-equilibrium quench
dynamics of the ring-lead system. The atoms are initially
loaded into the source, and then are released into the ring.
We calculate the ground state of atoms in the source, without
coupling to the rest of the system. Then, we suddenly switch
on the coupling K at t = 0. We study the resulting dynamics
of the density and the expectation value of the current from
source to ring, and ring to drain (Eqs.6) for hard-core bosons
in Fig.21 (Spinless fermions for reference in the supplemen-
tal materials in Fig.26). For hard-core bosons, we find that
the dynamics of the current starts from zero, then increases
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FIG. 16. Propagation of a gray soliton in a ring-lead system for Gross-Pitaevskii model. The source and drain lead has length LS = LD = 80
and the ring LR = 40, the interaction g = 280. The flux in the ring is a) Φ = 0, b) Φ = 0.25, c) Φ = 0.5. We create the grey soliton by preparing
an initial state with a phaseshift by pi in the source lead, then evolving that state in imaginary time.
drain
ring
source
a
0 20 40 60 80
t J
50
100
150
sit
e
0.0
0.4
0.8b
0 20 40 60 80
t J
50
100
150
sit
e
0.0
0.4
0.8c
FIG. 17. Propagation of a bright soliton in a ring-lead system for Gross-Pitaevskii model. The source and drain lead has length LS = LD = 80
and the ring LR = 40, the interaction g = −1. The flux in the ring is a) Φ = 0, b) Φ = 0.25, c) Φ = 0.5. We prepare the soliton according to the
formula Ψ(x) ∝ sech((x − L0)/σ) exp(0.3ipix).
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FIG. 18. Density of a small excitation in the drain lead (transmission)
of ring-lead system for hard-core bosons with two impurities in the
ring for different impurity potential strengths ∆. The source and drain
lead has length LS = LD = 80 and the ring LR = 40, the particle num-
ber N = 100. The transmitted density wave in the drain for a) Φ = 0
b) Φ = 0.5. The curves show ∆ = 0 (solid) ∆ = 0.5 (dashed), ∆ = 1
(dots). The propagation of the density excitation in time. The upper
curves show the transmitted density wave into the drain lead (inte-
grated between site 130 and 135), and the lower curves the incoming
and reflected wave in the source lead (65 and 70). The background
density is subtracted.
over time, until its dynamics slows down. Source and drain
current are initially very different, however they come closer
over time. We assume that for longer times than we are able
to calculate, source and drain current will converge towards a
single steady-state. The drain current shows the biggest flux
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FIG. 19. Propagation of large excitation in the drain lead (transmis-
sion) in a ring-lead system for hard-core bosons with two impurities
of strength ∆ = 1 in the ring for different excitation amplitudes D.
Other parameters same as in Fig.18. a) D = 1 b) D = 1.5. Φ = 0
(solid) Φ = 0.25 (dashed), Φ = 0.5 (dots). The transmitted density
changes strongly with flux for D = 1 and decreases strongly for
Φ = 0.5. However it is nearly independent of Φ for D = 1.5. At
half-flux, the transmission depends on the wavepackets amplitude.
It blocks transmissions for wavepackets with smaller amplitude, and
transmits for larger amplitude. This effect persists for larger ∆ > 1.
dependence. We find that the initial dynamics of the drain cur-
rent is slower for half-flux. The dynamics is characterized by
small oscillations, which decrease over time. The current at
longer times depends only little on flux.
So far, we simulated the full system including leads as a
closed system. We found that with our methods we could not
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FIG. 20. Propagation of small excitation in a ring-lead system for
Bose-Hubbard model (U = 5) with two impurities in the ring with
height ∆ = 3 and D = 0.5. Other parameters same as in Fig.18. The
transmitted density wave changes with Φ. For Φ = 0 a positive den-
sity enters the drain, while for Φ = 1/2, it is a density oscillation
with nearly equal positive and negative amplitude, and nearly no net
density enters the drain.
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FIG. 21. Time evolution of atoms initially loaded into the leads of a
ring-lead system for hard-core bosons and strong coupling K = 1.
The source and drain lead has length LS = LD = 30 and the ring
LR = 10, the particle number N = 15. The flux in the ring is a) Φ = 0,
b) Φ = 0.25, c) Φ = 0.5. d) The total density in source, ring and drain
leads. Φ = 0 (solid) Φ = 0.25 (dashed), Φ = 0.5 (dots). e) Expecta-
tion value of current from source lead to ring (blue) and ring to drain
lead (orange) for different values of flux (line style same as in d)).
reach fully the steady-state of the quench dynamics. The rea-
son for that is that for highly excited states the entanglement
grows quickly in time, increasing the computation time dras-
tically.
However, we can reach the steady-state by using the open
system method as introduced earlier in the open system part
of section B or for the quench of the Y-junction in section
III: We trace out the leads and simulate the dynamics of the
interesting subsystem only (the ring).
We compare the results for the two methods for the ring-
lead system in Fig.22. We find the initial dynamics as well
as the slow dynamics towards the steady-state agrees well
with the DMRG results. This is surprising since we used a
very strong approximation, as we assume the Markovian baths
have no memory and drive the system strongly out of equilib-
rium.
V. DISCUSSION
We studied the transport dynamics of density excitations
created in a source lead through bosonic systems with two
specific configuration: a Y-junction and a Aharonov-Bohm
matter wave interferometer. We carried out a thorough analy-
sis of the transmission and reflection of the density excitations
in terms of the system parameters: particle-particle interaction
and coupling between the leads and the systems. The dynam-
ics is studied through Bose-Hubbard Model (BHM) Hamil-
tonian evolution and Gross-Pitaevskii Equation (GPE). The
non-equilibrium dynamics is also studied by a quench proto-
col: The state is prepared as the ground state of the source
lead; then, the density will evolve once the empty ring is put
into contact with the leads.
- Y-junction. For a small density packet passing through
a Y-junction, the dynamics governed by the BHM dis-
plays three different regimes of reflection governed by
the lead-system coupling of the junction (Fig.2,4): For
strong lead-system coupling, we find a clear Andreev-
like reflection with negative density amplitude. For in-
termediate coupling, we find a reflection with both pos-
itive and negative contribution. And for weak coupling,
we find only positive reflection (no Andreev scattering).
In such a small density packet, GPE (Fig.6) dynamics
does not return any such coupling dependence of posi-
tive versus density reflection: for small excitations the
total transmitted density is always 4/3 of the incoming
density excitation and the reflected density is fixed to
−1/3, independently of lead-system coupling strength.
These numbers come from the linearized dynamics as
in Eqs. (12), (20). For large negative excitations of the
GPE (’gray soliton’ like), we find two regimes of lead-
system coupling. For strong coupling, we find Andreev-
like reflections, while for weak coupling we find total
reflection of the incoming excitation. The two regimes
are separated by a critical value of the lead-system cou-
pling. Close to the critical coupling, the gray soliton has
a finite residing time in the junction. (Fig.8).
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FIG. 22. Time evolution of atoms initially loaded into the source lead of a ring-lead system for hard-core bosons and strong coupling K = 1.
Comparison of the current with two different methods: Closed system with full modeling of ring and lead (solid) and open system with leads
modeled with Markovian bath (dashed). For DMRG, the source and drain lead has length LS = LD = 30 and the ring LR = 10, the particle
number N = 15. The atoms are prepared in the ground state of the uncoupled source, then the coupling is switched on instantaneously at t = 0.
For the open system approach, the ring has LR = 10 sites, the source and drain consist of one site each. Lindblad parameters are Γ = 1.5 and
r = 0.65. The current from source to ring (blue) and ring to drain (orange) over time for different values of the flux a) Φ = 0, b) Φ = 0.25, c)
Φ = 0.5.
- Aharonov-Bohm matter wave interferometer. For
a ring-lead system, we studied the dynamics in de-
pendence of particle-particle interaction and Aharonov-
Bohm flux through the ring. For small excitations of
interacting bosons in a simple ring without leads (hard-
core, finite U and GPE), we find no Aharonov-Bohm
interference effect (Fig.10,11). Remarkably, for spin-
less fermions we find the same results, as they can be
mapped to hard-core bosons with the Jordan-Wigner
transformation. When leads are attached to the ring
and the excitations are incoming via the leads, spinless
fermions and hard-core bosons yield different results.
While interacting bosons (hard-core, finite U and GPE)
are independent of flux, spinless fermions show a clear
Aharonov-Bohm effect (Fig.12). This feature shows
that the leads play a crucial role for the Aharonov-Bohm
interference. The translational symmetry can be broken
in the ring by adding two impurity potentials symmetri-
cal into the ring. For small excitations of the BHM, this
introduces a flux dependence for the transmitted density
(Fig.18, 20). For the GPE, Eq.22 shows that the flux has
a minor effect on the propagation velocity. The speed
of sound becomes dependent on the direction of prop-
agation in the ring. However, for small excitations this
effect is small. For the GPE with large negative excita-
tions (gray soliton), we find that the transmitted excita-
tion depends on the flux. For non-zero flux, it splits into
two parts as the velocity of the soliton depends strongly
on the direction of propagation in the ring Fig. 16. This
effect could be used to measure the effective flux pierc-
ing the ring (in other words, the system can be used
as a quantum detector for rotation). For a large pos-
itive excitations in a ring (bright soliton), we observe
the Aharonov-Bohm interference effect (Fig.17).
Although the quench dynamics is clearly of different nature
compared to the transport dynamics of a density packet, we
find that the results on the Aharonov-Bohm effect point to the
same direction: any flux dependence vanish in the steady-state
of the current (Fig.21, [37]); the quench dynamics of the cur-
rent itself, however is flux dependent. For both setups, we find
that the approximated open system approach using Lindblad
equations produces similar results as the exact treatment using
DMRG (Fig.9,22). This is surprising since the open system
neglects memory effects of the bath as well as assumes weak
coupling of system and bath.
We believe that our results could be important for the actual
detection of the Andreev scattering and Aharonov-Bohm ef-
fect in bosonic cold atom systems. These effects are expected
to be instrumental for the realization of new quantum devices
and sensors.
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Appendix A: Numerical methods
Low-energy static and dynamic problems of quasi one-
dimensional systems can be solved efficiently with Matrix-
Product state (MPS) and Density matrix renormalization
group (DMRG) techniques[44, 45]. The high-dimensional
wavefunction can be efficiently numerically represented with
MPS in terms of tensors. The Hamiltonian of the system is
represented as a Matrix Product operator (MPO). Its numer-
ical efficiency depends on the range of interactions. In our
system, we have ring structure, which in a naive implemen-
tation requires an interaction between the first and last site of
the ring over an interaction length LR. To shorten the interac-
tion length, we reorder the site numbering of the ring part of
the Hamiltonian, such that physical neighbors are connected
via next-nearest neighbor interactions in the numerical imple-
mentation (see Fig.23).
Thus, only short range interactions with at most next-
nearest neighbor interaction have to be evaluated in the MPO.
A similar procedure is applied for the Y-junctions. The ground
state is calculated by the DMRG sweep method. The time evo-
lution of the state |Ψ(t)〉 = eiH t |Ψ(0)〉 is calculated by repeated
application of an approximated time evolution operator eiH∆t
with small time steps ∆t [46].
For the GPE equation, we solve the equations of motions
with a differential equation solver. We find the respective
ground state by imaginary time evolution, and then evolve the
system in real time.
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FIG. 23. Sketch of the two different ways of ordering the interaction
links of a ring lattice. The lattice sites are connected to the nearest-
neighbors only. The regular numeration of sites is shown on the left.
This numeration has the disadvantage that there is a long-range inter-
action between the first (site 1) and last site (site 8). This long-range
interaction inefficient within DMRG. On the right we show the same
configuration, however with a different internal numeration, which
is used in our simulations. We avoid long-range interaction by re-
arranging the links into nearest and next-nearest neighbor links.
Appendix B: Open systems
The methods so far presented calculate the full system in-
cluding the leads. However, the interesting part of our system
is usually only a small part of the full system, e.g. for the ring-
leads system, we are mainly interested in the dynamics of the
ring only. Thus, we propose an approximation: We trace out
the leads, and simulate the dynamics of the interesting sub-
system only (e.g. the ring or the junction)[47, 48]. We model
the bulk of the leads as Markovian baths, which are coupled to
the relevant subsystem. The bath-system coupling is assumed
to be weak and within the Born-Markov approximation. The
resulting Lindblad master equation is then
∂ρ
∂t
= − i
~
[
H, ρ
] − 1
2
∑
m
{
Lˆ†mLˆm, ρ
}
+
∑
m
LˆmρLˆ
†
m , (B1)
Lˆm the Lindblad operator which describes the action of the
reservoir on subsystem, and [·, ·] ({·, ·}) is the commutator
(anti-commutator). The Hamiltonian H now only includes the
interesting part of our full system: In case of the ring system,
we only keep the ring Hamiltonian and a single lead site of
both source and drain, coupled to the ring with strength K.
For the Y-junction, we keep two sites of each the source and
drain leads. The effect of the rest of the leads is contained
in the Lindblad operators. We parametrize the reservoir-lead
interaction with the following Lindblad operators
L1 =
√
Γaˆ†S , L2 =
√
rΓaˆS , L3 =
√
ΓaˆD ,
with aˆS (aˆD) the annihilation operator acting on the single site
of the source (drain), Γ the reservoir-lead coupling and r con-
trols the strength of tunneling back into the source reservoir.
On the drain side, we assume that atoms can only tunnel into
the drain bath, however not come back.
We follow the prescription of [49] to reduce the dimension
of the Lindblad superoperator L. The size of the superop-
erator can be reduced when particle number conservation is
broken only by the dissipation terms, and is conserved by the
Hamiltonian. Then, certain terms of the density matrix are
zero in the steady-state, and can be removed from the super-
operator. The Master equation is solved with ∂tρ = Lρ.
Such a Lindblad formalism describes strong driving, which
creates a non-equilibrium steady-state with a high tempera-
ture. It is suitable for quenches of the system.
Appendix C: Spinless fermions
In this section we provide results for the case of non-
interacting spinless fermions as a reference. In Fig.24 we
show the propagation of an excitation in a Y-junction. In
Fig.25 we show the propagation of an excitation in a ring.
Here, we find the regular Aharonov-Bohm effect, with de-
structive interference and no transmission at half-flux. In
Fig.26 we show the quench of non-interacting fermions which
are initially prepared in the source lead. The fermions expand
through the ring to the drain lead. The dynamics heavily de-
pends on flux. For half-flux the fermions cannot reach the
drain due to destructive interference.
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FIG. 24. Propagation of small excitation in a Y-junction for the spinless fermion model. The source lead has length LS = 160, the drain lead
each LD = 50, the particle number N = 130 and D = 0.3. The source lead is from site 1 to 160, the first drain lead from 160 to 210, and and the
second one from site 210 to 260. The coupling at the junction (site 160) is a) K = 1, b) K = 0.5, c) K = 0.2. d) current at the junction e) The
propagation of the density excitation in time. The upper curves show the transmitted density wave into the drain lead (integrated between site
170 and 175), and the lower curves the incoming and reflected wave in the source lead (145 and 150). The background density is subtracted.
For K = 1 (solid) we observe a wave with positive and negative amplitude, K = 0.5 (dashed) nearly no reflection amplitude, K = 0.2 (dots) a
large positive reflection amplitude. The table below shows the transmission and reflection coefficients, calculated at t = 40/J with Eq.14-16
(tin = 15, a = 30). The transmission for K = 1 is greater one. This is caused by a small, but long-lived current in the drain. This current is
an artifact caused by an atom imbalance of source and drain caused by the initial potential offset, and can be eliminated by a small additional
constant offset potential in the source.
K = 1 K = 0.5 K = 0.2
transmission 1.201 0.673 0.135
reflection −0.201 0.327 0.865
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FIG. 25. Propagation of small excitation in a ring-lead sys-
tem for spinless fermions. The source and drain lead has length
LS = LD = 60, the ring LR = 40, the particle number N = 80 and ini-
tial excitation D = 0.3. The flux in the ring is a) Φ = 0, b) Φ = 0.25,
c) Φ = 0.5. d) The propagation of the density excitation in time.
The upper curves show the transmitted density wave into the drain
lead (integrated between site 110 and 115), and the lower curves the
incoming and reflected wave in the source lead (45 and 50). The
background density is subtracted.
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FIG. 26. Time evolution of atoms initially loaded into the leads of
a ring-lead system for spinless fermions. The source and drain lead
has length LS = LD = 30 and the ring LR = 10, the particle number
N = 15. The flux in the ring is a) Φ = 0, b) Φ = 0.25, c) Φ = 0.5.
d) The total density in ring, source and drain leads. Φ = 0 (solid)
Φ = 0.25 (dashed), Φ = 0.5 (dots). e) Current through source and
drain junction.
